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a b s t r a c t
Lexicographic ordering by spectral moments (S-order) among all trees is discussed in this
paper. For integers n and k, let p(n, k) be the number of all partitions of n into k parts. The
last p(n−1, k) graphs, in the S-order, among all treeswith n vertices and k pendant vertices
are determined for 2 < k < n.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V (G), E(G)) be a simple and finite graph. A(G) is the adjacency matrix of graph G, and λ1(G), λ2(G), . . . , λn(G)
are the eigenvalues in non-increasing order of A(G). The number
n
i=1 λ
j
i(G) (j = 0, 1, 2, . . .) is called the jth spectral
moment of G, denoted by Sj(G) (or Sj). Note that S0 = n, S1 = l, S2 = 2m, S3 = 6t , where n, l, m, t denote the
number of vertices, the number of loops, the number of edges, the number of triangles, respectively (see [1]). Let S(G) =
(S0(G), S1(G), . . . , Sn−1(G)) be the sequence of spectral moments of G. For two graphs G1 and G2, we shall write G1=S G2
if Si(G1) = Si(G2) for i = 0, 1, . . . , n − 1. Similarly we have G1<S G2 (‘‘G1 comes before G2 in S-order’’) if for some
j (1 ≤ j ≤ n − 1) we have Si(G1) = Si(G2) for i = 0, 1, . . . , j − 1 and Sj(G1) < Sj(G2). We shall write G1≤S G2 if G1<S G2
or G1=S G2. S-order had been used in producing graph catalogues and might be preferable precisely to the spectral radius
order because of certain phenomena exhibited by unicyclic graphs (see [2,1]).
A tree is a connected acyclic graph. A unicyclic graphs is a connected graph in which the number of edges equals the
number of vertices. Some results on the S-order of graphs have been obtained. Cvetković and Rowlinson [1] studied the
S-order of trees and unicyclic graphs and characterized the first and last graphs, in S-order, of all tree and all unicyclic
graphs with given girth, respectively. Wu and Liu [3] gave the last ⌊ d2⌋ + 1 graphs, in S-order, of all trees with order n and
diameter d. Cheng et al. [4] determined the last d+ ⌊ d2⌋ − 2 graphs, in S-order, among all unicyclic graphs with order n and
diameter d, where 3 ≤ d ≤ n− 5. Pan et al. [5] gave the first⌊ n−13 ⌋k=1 (⌊ n−k−12 ⌋− k+ 1) graphs apart from a path, in S-order,
of all trees with n vertices.
Integer partition is an old research topic. It is usually used as theoretical models for evolutionary processes in different
contexts: statistical mechanics, theory of quantum strings, population biology, nonparametric statistics, etc. Therefore its
properties and applications have received constant attention in the literature (see, for example, [6]). For integers n and k,
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Fig. 1. Graph T (2, 2, 3, 3).
let p(n, k) be the number of all partitions of n into k parts. For example, p(5, 3) = 2 and p(n, 2) = ⌊ n2⌋. Some recursion
relations are known for p(n, k). We have
p(n, k) = p(n− 1, k− 1)+ p(n− k, k),
and
p(n, k) =
k
j=1
p(n− k, j)
for n ≥ k and k ≥ 1.
No explicit formula for p(n, k) is known at present, but we have an asymptotic result which is obtained by its generating
function (see [7]). The (ordinary) generating function for p(n, k),
fk(x)
def=

n≥0
p(n, k)xn = x
k
(1− x)(1− x2) · · · (1− xk) .
The asymptotic formula for p(n, k) is p(n, k) ∼ 1k!(k−1)!nk−1.
Let T (n, k) be the set of all trees on n vertices with k pendant vertices. The trees with extremal spectral moments can
be determined by integer partitions. In Section 2, an algorithm is presented to generate all partitions of an integer n into k
parts. In Section 3, we use the partitions to determine the last p(n− 1, k) trees in the S-order of T (n, k) for 2 < k < n.
2. Generating integer partitions
Given an integer n, it is possible to represent it as the sum of one or more of positive integers (called parts) xi, that is,
n = x1 + x2 + · · · + xk. This representation is called an integer partition if the order of parts is of no consequence. Thus two
partitions of an integer n are distinct if they differ with respect to xi they contain. For example, there are 7 distinct partitions
of the integer 5: 5, 1+ 4, 2+ 3, 1+ 1+ 3, 1+ 2+ 2, 1+ 1+ 1+ 2, 1+ 1+ 1+ 1+ 1. In the non-decreasing representation,
a partition of n is given by a vector (x1, x2, . . . , xk), where x1 ≤ x2 ≤ · · · ≤ xk. In the following we always write a partition
in its non-decreasing representation.
If X = (x1, x2, . . . , xs) and X ′ = (x′1, x′2, . . . , x′t) are two partitions, then X precedes X ′ lexicographically if and only if, for
some j ≥ 1, xi = x′i when i < j, and xj < x′j . The anti-lexicographic order is the reverse of lexicographic order. We use the
notation X <A X ′ to mean that X precedes X ′ anti-lexicographically.
We denote by P (n, k) the set of all partitions of integer n into k parts. Let q = ⌊ nk ⌋ and r = n − qk, where
0 ≤ r ≤ k − 1. We can arrange all partitions among the set P (n, k) in anti-lexicographic order. The first partition is
(⌊ nk ⌋, . . . , ⌊ nk ⌋, ⌈ nk ⌉, . . . , ⌈ nk ⌉) ((k− r)⌊ nk ⌋’s and r⌈ nk ⌉’s).
For any partition (x1, x2, . . . , xk) ∈ P (n, k)where k > 1, we now describe an algorithm for generating the next partition
after (x1, x2, . . . , xk) in anti-lexicographic order. If there is some i such that xi > xi−1 and 2 ≤ i ≤ k − 1, then set
t = max{i : xi > xi−1 and 2 ≤ i ≤ k − 1}. Otherwise set t = 1. If xt = 1, then (x1, x2, . . . , xk) is the last partition in
P (n, k). Otherwise the next partition is (x1, . . . , xt−1, x′t , x′t+1, . . . , x
′
k), where x
′
t = xt − 1 and (x′t+1, . . . , x′k) is the first
partition, in anti-lexicographic order, of the integer xt+1+ · · · + xk+ 1 into k− t parts. (x′t+1, . . . , x′k) can be determined as
follows. Let y = xt+1 + · · · + xk + 1, k′ = k− t and r = y− ⌊ yk′ ⌋k′. Then (x′t+1, . . . , x′k) = (⌊ yk′ ⌋, . . . , ⌊ yk′ ⌋, ⌈ yk′ ⌉, . . . , ⌈ yk′ ⌉)
((k′ − r)⌊ yk′ ⌋’s and r⌈ yk′ ⌉’s).
For example, using this algorithm we can obtain the partition after (2, 2, 3, 3) among the set P (10, 4) in anti-
lexicographic order. At first we see that t = 3, and then we have the partition after (2, 2, 3, 3) is (2, 2, 2, 4). Also by this
method, we can determine the partition after (2, 2, 2, 4). For this case, t = 1, y = 9 and k′ = 3. Hence the partition after
(2, 2, 2, 4) is (1, 3, 3, 3). In this way we can obtain the 9 distinct partitions among the set P (10, 4) in anti-lexicographic
order: (2, 2, 3, 3), (2, 2, 2, 4), (1, 3, 3, 3), (1, 2, 3, 4), (1, 2, 2, 5), (1, 1, 4, 4), (1, 1, 3, 5), (1, 1, 2, 6), (1, 1, 1, 7).
The degree of a vertex v of graph G, denoted by dG(v) or d(v), is the number of edges incident to the vertex v. Let Pn, Cn,
K1,n−1 be a path, a cycle and a star of order n, respectively. Let T (x1, x2, . . . , xk) be the tree obtained from P1 by attaching
paths Px1 , Px2 , . . . , Pxk by their end vertices at the only vertex of P1. For example, the graph T (2, 2, 3, 3) is shown in Fig. 1.
For the anti-lexicographic order of partitions and S-order of trees, we have the result.
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Theorem 2.1. Suppose 2 < k < n and partitions (x1, x2, . . . , xk) ∈ P (n − 1, k), (x′1, x′2, . . . , x′k) ∈ P (n − 1, k). Then
(x1, x2, . . . , xk)<A(x′1, x
′
2, . . . , x
′
k) if and only if T (x
′
1, x
′
2, . . . , x
′
k)<S T (x1, x2, . . . , xk).
The proof of Theorem 2.1 is presented in Section 3.
3. Main results
We first quote a result from [8].
Lemma 3.1 ([8]). The jth spectral moment of G is equal to the number of closed walks of length j.
Let F be a graph. An F-subgraph of G is a subgraph of G which is isomorphic to F . Let φG(F) (or φ(F)) be the number of
all F-subgraphs of G. The following result gives an interpretation of the fourth spectral moment.
Lemma 3.2 ([1]). For every graph G, we have S4 = 2φ(P2)+ 4φ(P3)+ 8φ(C4).
Let G and H be two graphs with u ∈ V (G) and v ∈ V (H). We shall denote by GuHv the graph obtained from G and H by
identifying u and v. The next result concerns an important graph operation. For the sake of completeness, we present the
proof here.
Lemma 3.3 ([4]). Let G,H be non-trivial connected graphs with u, v ∈ V (G) and w ∈ V (H). If dG(u) < dG(v), then
S4(GuHw) < S4(GvHw).
Proof. From Lemma 3.2, we have
S4(GvHw)− S4(GuHw) = 4

dG(v)+ dH(w)
2

−

dG(v)
2

−

dG(u)+ dH(w)
2

+

dG(u)
2

= 4dH(w)(dG(v)− dG(u)) > 0.
Then S4(GuHw) < S4(GvHw). 
Lemma 3.4. For every tree T of order n, we have S4(T ) = 2Σni=1d2i − 2n+ 2, where d1, d2, . . . , dn are the degrees of all vertices
of T .
Proof. For tree T , φ(P3) = Σni=1

di
2

= 12Σni=1d2i − n + 1 by the fact that Σni=1di = 2n − 2. Since φ(P2) = n − 1 and
φ(C4) = 0, the result follows by Lemma 3.2. 
Let T (n, k, t) = {T : T ∈ T (n, k) and the cardinality of the vertices whose degrees are greater than 2 is t}. If k > 2, then
there is a one-to-one mapping between T (n, k, 1) and P (n− 1, k).
Lemma 3.5. If T ∈ T (n, k, 1), then S4(T ) = 6n+ 2k2 − 6k− 6.
Proof. The vertex degrees in T are k, 2, . . . , 2, 1, . . . , 1 (n − k − 1 2’s and k 1’s). By Lemma 3.4, we have S4(T ) =
2(k2 + (n− 1− k)22 + k)− 2n+ 2 = 6n+ 2k2 − 6k− 6. 
Lemma 3.6. S4(Pn) = 6n− 10 for n ≥ 2.
For each n, the only tree in T (n, 2) is Pn, so we only need to consider 2 < k < n.
Lemma 3.7. If T ∈ T (n, k) \ T (n, k, 1) where 2 < k < n, then S4(T ) < 6n+ 2k2 − 6k− 6.
Proof. Let t be the cardinality of the vertices of T whose degrees are 3 or greater. Since T ∈ T (n, k) \ T (n, k, 1), we have
t ≥ 2. Suppose u and v are two vertices of T whose degrees are 3 or greater. Since T is a tree, there is a unique path between
u and v and only one of v’s neighbors, sayw, is on the path. Supposew and v1, v2, . . . , vm are all vertices which are adjacent
to v. Delete the edges vvi and add the edges uvi (1 ≤ i ≤ m − 1), and thus we get a new tree T ∗1 . Obviously T ∗1 still has k
pendant vertices. By Lemma 3.3, we have S4(T ) < S4(T ∗1 ) and the cardinality of the vertices of degree 3 or greater decreases
to t − 1.
If t − 1 > 1, then repeat the above step for T ∗1 until the cardinality of the vertices of degree 3 or greater in the new
tree is one. So we obtain trees T ∗2 , T
∗
3 , . . . , T
∗
t−1 and S4(T
∗
1 ) < S4(T
∗
2 ) < · · · < S4(T ∗t−1). Since T ∗t−1 ∈ T (n, k, 1), S4(T ) <
6n+ 2k2 − 6k− 6 by Lemma 3.5. 
As a corollary of Lemmas 3.5 and 3.7, we have the following result.
Corollary 3.8. If T ∈ T (n, k) \ T (n, k, 1) where 2 < k < n, then
T <S T (1, 1, . . . , 1, n− k).
Now we prove Theorem 2.1 which gives the order of trees in T (n, k, 1).
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Proof of Theorem 2.1. Firstlyweprove that if (x1, x2, . . . , xk)<A(x′1, x
′
2, . . . , x
′
k) then T (x
′
1, x
′
2, . . . , x
′
k)<S T (x1, x2, . . . , xk).
From the fact that (x1, x2, . . . , xk)<A(x′1, x
′
2, . . . , x
′
k), then there exists some t ≥ 1, xi = x′i when i < t , and xt > x′t . In the
following we use T for T (x1, x2, . . . , xk) and T ′ for T (x′1, x
′
2, . . . , x
′
k).
If G is a tree, then G only have even closed walks. LetHj(G) = {H : H is a subgraph of G and |E(H)| ≤ j2 }. By Lemma 3.1,
Sj(G) is related to the number of subgraphs inHj(G) if G is a tree.
Suppose 2 ≤ j < 2(x′t + 2). For any H ∈ Hj(T ),Hj(T ) contains an H-subgraph, that is, there is a subgraph H ′ ∈ Hj(T ′)
with H ∼= H ′, and vice versa. Then φT (H) = φT ′(H ′) if H ∼= H ′. Therefore Sj(T ) = Sj(T ′).
Now we consider j = 2(x′t + 2). Let b = x′t + 2. For any H ∈ Hj(T ) \ {Pb+1} and H ′ ∈ Hj(T ′) \ {Pb+1}, we
have φT (H) = φT ′(H ′) if H ∼= H ′. So we only need to compare the numbers of Pb+1-subgraph of T and T ′. Let T ∗ =
T (x′1, . . . , x
′
t−1, x′t , xt+1, . . . , xk). Then φT ′(Pb+1) ≤ φT∗(Pb+1)+ (xt−x′t) and φT (Pb+1) = φT∗(Pb+1)+ (k−1)+ (xt−x′t−1).
Since k > 2, we have φT ′(Pb+1) < φT (Pb+1). Hence S2(x′t+2)(T
′) < S2(x′t+2)(T ), and thus T
′<S T .
Similarly we can prove that if (x′1, x
′
2, . . . , x
′
k)<A(x1, x2, . . . , xk) then T (x1, x2, . . . , xk)<S T (x
′
1, x
′
2, . . . , x
′
k). The proof is
complete. 
If we arrange P (n − 1, k) in anti-lexicographic order, then we obtain all trees in T (n, k, 1). From Theorem 2.1 and
Corollary 3.8, the last p(n − 1, k) trees in S-order of T (n, k) should be determined by P (n − 1, k) in anti-lexicographic
order. Then we have the following result.
Theorem 3.9. The last p(n−1, k) trees in S-order of T (n, k) are determined byP (n−1, k) in anti-lexicographic order, i.e., the
last p(n− 1, k) trees in S-order of T (n, k) are T (⌊ n−1k ⌋, . . . , ⌊ n−1k ⌋, ⌈ n−1k ⌉, . . . , ⌈ n−1k ⌉), . . . , T (1, 1, . . . , 1, n− k).
Example. The last 9 graphs in S-order of T (11, 4) are T (2, 2, 3, 3), T (2, 2, 2, 4), T (1, 3, 3, 3), T (1, 2, 3, 4), T (1, 2, 2, 5),
T (1, 1, 4, 4), T (1, 1, 3, 5), T (1, 1, 2, 6), T (1, 1, 1, 7).
We use Tn,k for the tree T (⌊ n−1k ⌋, . . . , ⌊ n−1k ⌋, ⌈ n−1k ⌉, . . . , ⌈ n−1k ⌉). At last we give the relation between Tn,k and Tn,k−1.
Theorem 3.10. Tn,k−1<S Tn,k where 2 < k < n.
Proof. It is clear that Sj(Tn,k−1) = Sj(Tn,k) for j = 0, 1, 2, 3. Let f (x) = 2x2 − 6x − 6 + 6n. It is easy to see that f (x) is an
increasing function with respect to xwhen x ≥ 2. By Lemma 3.5, we have S4(Tn,k−1) < S4(Tn,k). Then Tn,k−1<S Tn,k. 
From Theorem 3.10, Lemma 3.6 and Corollary 3.8, we have
Corollary 3.11 ([1, Theorem 2]). The last tree in the S-order of all order n trees is Tn,n−1 where n > 3.
Corollary 3.12. The last two trees in the S-order of all order n trees are Tn,n−1 and Tn,n−2 where n > 3.
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